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Abstract
We investigate a two-level spin system based anti-parity-time (anti-PT )-symmetric qubit and study
its decoherence as well as entanglement entropy properties. We compare our findings with that of the
corresponding PT -symmetric and Hermitian qubits. First we consider the time-dependent Dyson map
to find the exact analytical dynamics for a general non-Hermitian qubit system coupled with a bath,
then we specialize it to the case of the anti-PT -symmetric qubit. We find that the decoherence function
for the anti-PT -symmetric qubit decays slower than the PT -symmetric and Hermitian qubits. For the
entanglement entropy we find that for the anti-PT -symmetric qubit it grows more slowly compared to
the PT -symmetric and Hermitian qubits. Similarly, we find that the corresponding variance and area
of Fisher information is much higher compared to the PT -symmetric and Hermitian qubits. These
results demonstrate that anti-PT -symmetric qubits may be better suited for quantum computing
and quantum information processing applications than conventional Hermitian or even PT -symmetric
qubits.
1 Introduction
One of the roadblocks for achieving viable quantum computing platforms is decoherence intrinsic to
quantum systems [1]. This is particularly important for quantum information processing and storage
[2]. Previously it was shown that parity-time or PT -symmetric qubits are better than Hermitian qubits
from this perspective when the PT -symmetric quantum system is coupled to a Hermitian environment
very weakly [3]. Here we explore whether another non-Hermitian realization, i.e. an anti-PT qubit,
can further improve decoherence properties. We find that the answer is in the affirmative. A very
weak coupling to the bath or environment ascertains that the system and the bath do not exchange
any heat [4], which leads to what is known as pure decoherence or dephasing [5]. The choice of a
Hermitian bath is only for the sake of simplicity.
Before exploring properties, we need to find the dynamics of our qubit systems. The computation
of the qubit’s reduced density matrix, through the expectation value of the time evolved operator,
usually is performed from a Hermitian diagonal qubit, which can be easily obtained for Hermitian and
PT -symmetric qubits [3, 6]. However, for the anti-PT qubit, we need to first provide a method to
obtain the exact analytical expression for the evolved density matrix of a general non-Hermitian qubit
system. This is accomplished through utilizing the time-dependent Dyson map to find a corresponding
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Hermitian system and as a result, obtain a reduced density matrix for a time-dependent Hermitian
system [7, 8]. The decoherence is naturally revealed in the dynamics and we can subsequently also
investigate further properties such as entanglement entropy (von Neumann as well as Re´nyi) and Fisher
information.
After the introduction of PT -symmetry [9] and subsequently two decades of intensive research [10], the
notion of anti-PT symmetry was introduced by Ge and Tu¨reci [11] in optics by an appropriate spatial
arrangement of the effective optical potential. The PT operator commutes with the Hamiltonian
[H,PT ] = 0 whereas the anti-PT operator anticommutes with the Hamiltonian {H,PT } = 0. The
anti-PT symmetry has been realized in spatially coupled atom beams [12], electrical circuit resonators
[13], optical waveguides with imaginary couplings [14] and optical four-wave mixing in cold atoms
[15]. In addition, constant refraction optical systems [16] and several experiments in atomic [17,
18] and optical [19, 20, 21] systems have realized the anti-PT symmetry. There are many other
applications involving waveguide arrays [21], diffusive systems [22], phase transitions [23], spin chains
[24], information flow [25] and non-Markovian aspects [26].
Specifically, we investigate an anti-PT -symmetric quantum system very weakly coupled to a bath
(or environment). This leads to a critical slowing down of decoherence that is better than its PT -
symmetric counterpart. Possibly, an anti-PT qubit can be experimentally realized in recently demon-
strated optical and microcavity settings [27]. A quantum circuit [28] and information flow [29] using
a two-level system have also been recently discussed.
The outline of the paper is as follows. We first introduce the two-level Hermitian, PT -symmetric
and anti-PT -symmetric qubits. For the former two qubits, we explicitly write down their reduced
density matrices. In Section 2 we show a general formalism for treating non-Hermitian qubits by way
of the time-dependent Dyson map for the density matrix and apply it to the anti-PT -symmetric qubit.
Section 3 is devoted to studying decoherence of the anti-PT qubit. In Section 4 we calculate the von
Neumann and Re´nyi entanglement entropy for the anti-PT qubit. In Section 5 we invoke the use of
the Kullback-Leibler divergence in order to compute the quantum Fisher information [30, 31]. Section
6 deals with spin vector representation for the three types of qubits. Finally, Section 7 contains a
summary of our main conclusions.
1.1 The Model
In this paper, we will be considering the spin qubit system coupled to a bath of bosonic systems
described by the following Hamiltonian [32]
H = HS ⊗ IB + IS ⊗HB +HS ⊗ VB, (1.1)
where HS denotes the system, HB the bath
HB =
∑
k
ωka
†
kak, (1.2)
and VB the interaction term between the system and bath
VB =
∑
k
(
gka
†
k + g
∗
kak
)
. (1.3)
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Here a†k and ak denote bosonic creation and annihilation operators, respectively, ωk are the eigenmodes
of the bath and gk are the coupling constants. One of the main purposes of this paper is to compare
the various features and properties between a Hermitian, PT -symmetric and non-Hermitian qubit
system, with particular focus on the anti-PT -symmetric qubit.
1.2 Hermitian Qubit
To begin, let us review the dynamics for the Hermitian qubit as
HhS =
(
α + θ ξ + iδ
ξ − iδ −α + θ
)
, (1.4)
with α, ξ, δ, θ ∈ R to satisfy the Hermiticity condition HhS =
(
HhS
)†
. For convenience, we take a
similarity transformation [33]
T =
(
ω0 − α −ξ − iδ
ω0 + α ξ + iδ
)
, where ω0 =
√
α2 + δ2 + ξ2, (1.5)
to obtain a diagonalized Hamiltonian HDhS = TH
h
ST
−1. Subsequently, the evolved reduced density
matrix for the system can be expressed in terms of the reduced density matrix for the diagonalized
system with normalization as
ρS (t) =
T−1ρDhS (t) (T
−1)†
TrS
[
T−1ρDhS (0) (T−1)
†
] (1.6)
and the diagonalized reduced density matrix being
ρDhS (t) =
(
ρDh11 0
0 ρDh22
)
+
(
0 ρDh12 e
2iω0te−iω0Ω(t)
ρDh21 e
−2iω0teiω0Ω(t) 0
)
e−ω
2
0γ(t), (1.7)
where
Ω (t) = 4θ
∫ ∞
0
dwJ (w)
wt− sin (wt)
w2
, (1.8)
γ (t) = 4
∫ ∞
0
dwJ (w)
1− cos (wt)
w2
coth
(
βw
2
)
, (1.9)
J (w) =
∑
k
|gk|2δ (w − wk) , (1.10)
are respectively the function influencing phase evolution, decoherence function and spectral density of
the bath.
1.3 PT -symmetric Qubit
For the PT -symmetric case, which has been studied in [3], let us take the Hamiltonian as
HPTS =
(
α + iθ ξ + iδ
ξ − iδ α− iθ
)
, (1.11)
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where α, ξ, δ, θ ∈ R, δ2 + ξ2 ≥ θ2 and the parity and time operators to be
P = σx =
(
0 1
1 0
)
, T : i→ −i, (1.12)
which has the property
[PT , HPTS ] = 0. Taking the same similarity transformation (1.5) as for the
Hermitian system, but where
ω0 =
√
γ2 + δ2 − θ2, (1.13)
will lead to a diagonalized Hermitian Hamiltonian hPTS = TH
PT
S T
−1 and same evolved reduced density
matrix (1.7), with the difference that Ω (t) is now −Ω (t).
1.4 Anti-PT -symmetric Qubit
We now introduce an anti-PT -symmetric quantum system of the general form
HS =
(
α + iθ ξ + iδ
−ξ + iδ −α + iθ
)
, (1.14)
where α, ξ, δ, θ ∈ R and can check that the anticommutation relation {PT , HS} = 0 is satisfied taking
the same parity and time operators (1.12). The total system H, is diagonalizable by again taking the
similarity transformation (1.5) with
ω0 =
√
α2 − ξ2 − δ2. (1.15)
The resulting diagonalized Hamiltonian will be given by
HD = THT−1, (1.16)
= (−ω0σz + iθIS)⊗ IB + IS ⊗HB + (−ω0σz + iθIS)⊗ VB.
This is equivalent to the eigenbasis representation
THT−1 =
∑
n
En|n〉〈n| (1.17)
with En ∈ C, which can be rewritten in a complete biorthonormal basis for H [34, 35, 36, 37]
H = T−1
∑
n
EN |n〉〈n|T, (1.18)
=
∑
n
EN |ψRn 〉〈ψLn |,
taking the set of eigenvectors |ψRn 〉 = T−1|n〉 and 〈ψLn | = 〈n|T , satisfying the defining equations
〈ψLn |ψRm〉 = δnm and
∑
n|ψRn 〉〈ψLn | = I.
The pair of eigenvalues of the anti-PT -symmetric system (1.14) is given by E± = iθ ± ω0 with the
difference of the two eigenvalues being E˜ = 2ω0. This represents the energy gap of our two-level system
and its reality depends on the parameters α, δ and ξ. When δ2 + ξ2 = α2, the energy gap will be zero
to give degenerate eigenvalues, but for this paper, we will be interested in the case when the energy
gap is real, i.e. to study the parametric domain α2 ≥ δ2 + ξ2.
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For a general non-Hermitian Hamiltonian, H, it has been suggested in [38, 39, 40] that the Hamiltonian
can also be viewed as a decomposition of real and imaginary parts H = HR + iHI to give a complex
extension of the Liouville-von Neumann equation
ρt = −i [HR, ρ] + {HI , ρ} − 2ρTr (ρHI) , (1.19)
which can be solved by the form
ρ (t) =
U (t) ρ (0)U † (t)
Tr [U (t) ρ (0)U † (t)]
, (1.20)
given the evolution operator U (t) = e−iHt, then tracing out the bath degrees of freedom results in the
reduced density matrix for the system. However, for non-Hermitian spin-boson models, calculations
become quite involved. In what follows, we will present a scheme that makes computing the reduced
density matrix of these systems more feasible.
2 Time-dependent Dyson Map for Density Matrix of a Non-
Hermitian System
The key is to show that one can reformulate the non-Hermitian Hamiltonian problem in terms of a
Hermitian one utilizing a time-dependent Dyson map [41, 42, 43, 44, 45, 46, 47, 48, 49]. Recently,
this has been investigated for a PT -symmetric bosonic system coupled to a bath of N bosonic systems
[7] and PT -symmetric Jaynes-Cummings Hamiltonian [8]. Here, we shall present this method for a
general non-Hermitian qubit system and in particular we will focus on the anti-PT -symmetric case.
First, let us recall that for a Hermitian system with density matrix ρDh, the Liouville-von Neumann
equation is given by
iρDht =
[
hD, ρDh
]
. (2.1)
In the non-Hermitian case, taking the diagonalized example HD, we can write the Schro¨dinger equation
and its conjugate transpose as
i
∂
∂t
|ψi〉 = HD|ψi〉, (2.2)
−i ∂
∂t
〈ψi| = 〈ψi|
(
HD
)†
, (2.3)
where, with ρD =
∑
i Pi|ψi〉〈ψi| being the density matrix, the corresponding non-Hermitian Liouville-
von Neumann equation can be derived as
iρDt = i
∑
i
Pi
(
∂
∂t
|ψi〉〈ψi|+ |ψi〉 ∂
∂t
〈ψi|
)
, (2.4)
= HDρD − ρD (HD)† . (2.5)
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Let HD and hD be related by the Dyson relation
HD = η−1hDη − iη−1ηt, (2.6)
where η relates the states |φi〉, |ψi〉 of the Hamiltonians hD, HD respectively as |φi〉 = η|ψi〉. Substi-
tuting the Dyson relation into (2.5) and comparing with (2.1) gives the relation of density matrices
between the Hermitian and non-Hermitian Hamiltonians as
ρDh = ηρDη†. (2.7)
Supposing ρDh =
∑
i Pi|φi〉〈φi|, we can check using the relation above that ρD =
∑
i Pi|ψi〉〈ψi|, which
shows the mapping of density matrices is able to preserve the set of probabilities Pi.
On the other hand, taking the Hermitian Liouville-von Neumann equation (2.1) and substituting again
the Dyson relation (2.6), it can be shown
iρ˜Dt =
[
HD, ρ˜D
]
(2.8)
under the relation ρ˜D = η−1ρDhη = ρDM , with M = η†η being the metric such that for the quasi-
Hermitian Hamiltonian
HQ = HD + iη−1ηt, (2.9)
it satisfies 〈HQψi|Mψi〉 = 〈ψi|MHQψi〉 = 〈φi|hDφi〉 and
(
HQ
)†
M = MHQ. Looking at the anti-
PT -symmetric qubit of (1.16) which we now denote by HDS , we will see that the corresponding quasi-
Hermitian qubit HQS , is a two-level system with energies E
Q
± = ±ω0, with same energy gap as HDS . It
follows that HQS is interpreted as the physical operator that plays the role of energy for H
D
S [45, 46],
and ρ˜D is a Hermitian density matrix operator in the Hilbert space under the metric M (t). We now
find the corresponding Hermitian system from a time-dependent Dyson map.
Let us recall the diagonalized non-Hermitian Hamiltonian (1.16), if we take the Ansatz η = e(t)eϕ(t)VB
in the Dyson relation, hD becomes
hD = −ω0σz + iθ +HB − ϕ (t) V˜B − ϕ2 (t) Ωk − ω0σzVB + iθVB + i˙ (t) + iϕ˙ (t)VB, (2.10)
where V˜B =
∑
k ωk
(
gka
†
k − g∗kak
)
and Ωk =
∑
k ωk|gk|2. For hD to be Hermitian
(
hD
)†
= hD, the
constraining equations are ˙ (t) = −θ and ϕ˙ (t) = −θ, so we can take η = e−θte−θtVB , then the
corresponding Hermitian Hamiltonian is
hD = −ω0σz +HB − ω0σzVB + θtV˜B − θ2t2Ωk. (2.11)
Note we can also represent hD in terms of the quasi-Hermitian Hamiltonian HQ [50, 51, 52], as
hD =
∞∑
n=0
(−1)n
n!
C
(n)
G
(
HQ
)
, (2.12)
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with G = θ (1 + VBt) and denoting
C
(n)
G (O) = [
n︷ ︸︸ ︷
G, [G, · · · [G,O]]] (2.13)
as the n-fold commutation for operators G and O, then in terms of the non-Hermitian Hamiltonian
HD, hD can be expressed as
hD = −iθ (1 + VB) +
∞∑
n=0
(−1)n
n!
C
(n)
G
(
HD
)
. (2.14)
The remaining step now, is to find the density matrix of (2.11), which we will look at in the next
section. Consequently, we also obtain the decoherence for our qubit system.
3 Decoherence of an Anti-PT -symmetric Qubit
We shall consider the dynamics where the qubit is initially uncorrelated with a bath in thermal
equilibrium i.e. the Gibbs state ΩB = e
−βHB/Z, where Z = TrBe−βHB is the partition function [53],
so the initial density matrix of the total system becomes
ρDh (0) = ρDhS (0)⊗ ΩB, (3.1)
taking a general form for the qubit
ρDhS (0) =
(
ρDh11 ρ
Dh
12
ρDh21 ρ
Dh
21
)
(3.2)
=
(
1
2
(1 + 〈σz〉) 〈σ−〉
〈σ+〉 12 (1− 〈σz〉)
)
, (3.3)
with σ± = σx ± iσy. The reduced system’s density matrix at time t is given by
ρDhS (t) =
(
1
2
(1 + 〈σz (t)〉) 〈σ− (t)〉
〈σ+ (t)〉 12 (1− 〈σz (t)〉)
)
(3.4)
and the expectation value of a general time evolved operator O with Hermitian Hamiltonian hD can be
expressed as 〈O (t)〉 = Tr [O (t) ρ (0)] where O (t) = ei
∫
hDdtO (0) e−i
∫
hDdt, hence the time-dependent
qubit operators are given by
σz (t) = e
i
∫
hD(t)dtσze
−i ∫ hD(t)dt, (3.5)
σ± (t) = ei
∫
hD(t)dtσ±e−i
∫
hD(t)dt. (3.6)
To proceed with computing the decoherence function, we want to find the expressions for the time-
dependent qubit operators (3.5-3.6). To begin, consider the expression for time-dependent bath oper-
ator
ak (t) = e
i
∫
hD(t)dtake
−i ∫ hD(t)dt , (3.7)
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which can be found by first noting the commutation relations [HB, ak] = −ωkak, [VB, ak] = −gk,[
V˜B, ak
]
= −ωkgk. Then the equation of motion becomes
d
dt
ak (t) = −iωk
[
ak (t)− ω0 gk
ωk
σz + θgkt
]
, (3.8)
and the time-dependent bath operator expression is given by
ak (t) = −θgkt+ e−iωkt [ak − Ak (t)σz +Bk (t)] , (3.9)
where
Ak (t) = ω0
gk
ωk
(
1− eiωkt) and Bk (t) = iθ gk
ωk
(
1− eiωkt) . (3.10)
Utilizing this expression, we can find the expressions for the time-dependent qubit operators similarly,
by using their equations of motion respectively, which are solved by
σz (t) = σz, (3.11)
σ± (t) = e∓2iω0te
∫ t
0 ∓2iω0
∑
k[gka
†
k(τ)+g
∗
kak(τ)]dτ
+ σ±, (3.12)
= σ±e∓2iω0te
±iθω0
∑
k(g2k+|gk|2)t2e
∓4iθω0
∑
k
|gk|2
ω2
k
(1−cos(ωkt))
e±
∑
k[2Ak(t)a
†
k−2A∗k(t)ak],
where e
[··· ]
+ is the time-ordered exponent
e
2iω0
∫ t
0 [1+
∑
Gk(τ)]dτ
+ = e
2iω0
∫ t
0 [1+
∑
Gk(τ)]dτe−ω0
∫ t
0 dτ1
∫ τ1
0 dτ2[Gk(τ1),Gk(τ2)], (3.13)
with Gk (τ) a time-dependent operator and [[Gk (τ1) , Gk (τ2)] , Gk (τ3)] = 0. Now, we can express the
reduced system’s density matrix at time t (3.4), by computing the expectation values of σ± (t) and
σz (t)
〈σz (t)〉 = 〈σz〉 , (3.14)
〈σ± (t)〉 = 〈σ±〉 e∓2iω0te±iω0[Ω2(t)−Ω1(t)]
〈
e±
∑
k(2Ak(t)a
†
k−2A∗k(t)ak)
〉
(3.15)
= 〈σ±〉 e∓2iω0te±iω0[Ω2(t)−Ω1(t)]e−ω20γ(t),
where
Ω1 (t) = 4θ
∫ ∞
0
dwJ (w)
(1− cos (wt))
w2
, (3.16)
Ω2 (t) = θt
2
∫ ∞
0
dw
(
J (w) + J˜ (w)
)
, (3.17)
in the continuum limit of bath modes. Here
J˜ (w) =
∑
k
|gk|2 [cos (2θk) + i sin (2θk)] δ (w − wk) , (3.18)
is the spectral density characterizing the environment with in general, a complex coupling constant
gk = |gk|eiθk . Let us take as an example, J (w) = J0w1+µe−
w
wc and J˜ (w) = J (w) with gk ∈ R. The
resulting density matrix of the reduced system at time t is given by
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ρDhS (t) =
(
ρDh11 0
0 ρDh22
)
+
(
0 ρDh12 e
2iω0te−iω0[Ω2(t)−Ω1(t)]
ρDh21 e
−2iω0teiω0[Ω2(t)−Ω1(t)] 0
)
e−ω
2
0γ(t) (3.19)
and the decoherence function reads
D (t) = e−ω
2
0γ(t), (3.20)
which quantifies the loss of quantum information to the environment. As this function evolves with
time, we are able to see that the anti-PT -symmetric (1.14) qubit decays more gradually compared to
a Hermitian (1.4) or PT -symmetric (1.11) qubit, as shown in Figure 1.
0.5 1.0 1.5 2.0
t
0.2
0.4
0.6
0.8
1.0
D(t)
APT
PT
H
Figure 1: Comparison of the evolution of decoherence function with anti-PT -symmetric (APT), PT -
symmetric (PT) and Hermitian (H) systems, with parameters J0 = wc = 1, β = 0.5, δ = 0.56,
µ = −0.5, ξ = 0.81, θ = 0.86 and α = 1.
There are four real parameters in our qubits, α, δ, θ and ξ. For the Hermitian case, α, δ and ξ will
contribute to increasing the decoherence. For a PT -symmetric qubit, the parameters δ, ξ bring an
increase and θ, a decrease of decoherence. But for our example of an anti-PT -symmetric qubit, we only
have one parameter, α participating in increasing; the other two, δ and ξ, help to reduce decoherence.
4 Entanglement Entropy
Let us now study the entanglement entropy, which is a common measure of entanglement and quantum
information. In particular, for our system, this will be a measure of entanglement between our qubit
and environment. To do this, let us rewrite the standard representation of the reduced system’s density
matrix at time t [54, 55]
ρDhS (t) =
1
2
[1 + ~v (t)~σ] (4.1)
following [56] in exponential form
ρDhS (t) =
1
2
√
1− v (t)2e~u(t)·~σ, (4.2)
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where v (t) = |~v (t)| and ~u (t) = ~v(t)
2v(t)
ln
[
1+v(t)
1−v(t)
]
. The (von Neumann) entropy can consequently be
calculated as
S (t) = −TrS
[
ρDhS (t) ln ρ
Dh
S (t)
]
, (4.3)
= ln 2− 1
2
[1 + v (t)] ln [1 + v (t)]− 1
2
[1− v (t)] ln [1− v (t)] .
Now taking the initial state of the reduced system (3.3) as a pure state, we have Tr
[(
ρDhS
)2
(0)
]
= 1,
then if we choose equal populations of ground and excited state initially, i.e. ρDh11 = ρ
Dh
22 ,
v (t) = e−ω
2
0γ(t). (4.4)
The corresponding entropy becomes
S (t) = ln 2− 1
2
[
1 + e−ω
2
0γ(t)
]
ln
[
1 + e−ω
2
0γ(t)
]
− 1
2
[
1− e−ω20γ(t)
]
ln
[
1− e−ω20γ(t)
]
. (4.5)
At t = 0, S (0) = 0 and as t → ∞, S (∞) = ln 2, as shown in Figure 2. What is also evident is
that the entropy with anti-PT -symmetric qubit increases more gradually compared with Hermitian or
PT -symmetric qubit. This result shows the anti-PT -symmetric qubit entangles with the environment
at a slower rate compared to Hermitian or PT -symmetric qubits, which is equivalent to the ability to
preserve quantum information for a longer time.
0.5 1.0 1.5 2.0
t
0.1
0.2
0.3
0.4
0.5
0.6
0.7
S(t)
APT
PT
H
Figure 2: Comparison of the time evolution of von Neumann entropy with anti-PT -symmetric (APT),
PT -symmetric (PT) and Hermitian (H) systems, with parameters J0 = wc = 1, β = 0.5, δ = 0.56,
µ = −0.5, ξ = 0.81, θ = 0.86 and α = 1.
An extension of the von Neumann entropy is the quantum Re´nyi entanglement entropy [57, 58] through
an introduction of a parameter r. One interesting connection is the Re´nyi entanglement entropy’s close
relation with free energy [59]. In our case, the parameter r gives a nonlinear dependence of entropy
on the reduced density matrix and is given as
Sr (r, t) =
lnTr
{[
ρDhS (t)
]r}
1− r (4.6)
=
r ln 2
1− r +
1
1− r ln
{[
1 + e−ω
2
0γ(t)
]r
+
[
1− e−ω20γ(t)
]r}
.
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Taking the ratio of Re´nyi entanglement entropy with von Neumann entropy at a fixed time for the
three types of qubits with respect to varying the parameter r on the left of Figure 3, we can clearly
see that in the limit of r → 1, this reduces back to the von Neumann entropy. On the right of Figure
3, we depict the time evolution of Re´nyi entanglement entropy for the anti-PT qubit under varying
parameter r.
0 2 4 6 8 10
r
0.6
0.7
0.8
0.9
1.0
1.1
1.2
Sr
S
Sr=S
APT
PT
H
0
0.2
0.4
0.6
Figure 3: Ratio of Re´nyi entanglement entropy and von Neumann entropy at time 1.25 for anti-
PT -symmetric (APT), PT -symmetric (PT) and Hermitian (H) systems (left) and evolution of Re´nyi
entanglement entropy for the anti-PT -symmetric case (right), under the parameter choices J0 = wc =
1, β = 0.5, δ = 0.2, µ = −0.5, ξ = 0.12, θ = 0.05 and α = 0.3.
To summarize, through analysis of Re´nyi entanglement entropy and von Neumann entropy, results show
the anti-PT -symmetric qubit is a better choice to use in quantum computing than the Hermitian or
PT -symmetric qubit. We note that this calculation complements the analysis of decoherence function.
5 Fisher Information
Quantum Fisher information is an important quantity in quantum metrology [60]. It quantifies the
precision that can be achieved in estimating a parameter for a given quantum state. Thus, it can be
regarded as a measure of reliability of a quantum system. A higher value of Fisher information equates
to higher precision of estimating a parameter. One can compute from the relative entropy (i.e. the
Kullback-Leibler divergence [30, 31])
DKL (K, t) = Tr
[
ρDhS
(
K˜, t
)
ln ρDhS
(
K˜, t
)]
− Tr [ρDhS (K, t) ln ρDhS (K, t)] , (5.1)
=
1
2
ln 1− v
2
(
K˜, t
)
1− v2 (K, t) + v
(
K˜, t
)
ln
[
1 + v
(
K˜, t
)]
[1− v (K, t)][
1− v
(
K˜, t
)]
[1 + v (K, t)]
 ,
the Fisher entropy with respect to (the inverse) temperature parameter, K = β as
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Sf (β, t) =
∂2
∂β˜2
DKL
(
β˜, t
) ∣∣∣∣
β˜=β
(5.2)
=
ω40
2
{
coth
[
ω20γ (β, t)
]− 1}[ ∂
∂β
γ (β, t)
]2
,
From the left of Figure 4, we see that although the maximum Fisher information for the three types
of qubit are roughly equal, the anti-PT -symmetric case is still slightly higher, as shown in Table
1. However, the variance and area of Fisher information are visibly much larger for the anti-PT -
symmetric qubit. This may be interpreted that we need a larger interval of time in estimating β
accurately.
0.5 1.0 1.5 2.0
t
0.1
0.2
0.3
0.4
0.5
0.6
Sf (β,t)
APT
PT
H
0.5 1.0 1.5 2.0
t
1
2
3
4
5
6
Sf (ω0 ,t)
APT
PT
H
Figure 4: Comparison of the Fisher entropy with respect to inverse temperature β (left) and with
respect to the combined qubit parameter ω0 (right) for anti-PT -symmetric (APT), PT -symmetric
(PT) and Hermitian (H) Hamiltonians, with parameters J0 = wc = 1, µ = −0.5, β = δ = 0.5, ξ = 0.8,
θ = 0.6 and α = 1.
Similarly, the Fisher entropy depending on what we shall call the ‘combined qubit parameter’ ω0 can
be computed to be
Sf (ω0, t) =
∂2
∂ω˜0
2DKL (ω˜0, t)
∣∣∣∣
ω˜0=ω0
(5.3)
= 2ω20
{
coth
[
ω20γ (ω0, t)
]− 1} γ2 (ω0, t) .
The right of Figure 4 clearly shows that both the maximum and area of Fisher information with
respect to ω0 for the anti-PT -symmetric qubit are much greater compared with the Hermitian and
PT -symmetric cases. In particular, this represents that a higher accuracy can be obtained in measur-
ing the parameter ω0.
In Table 1, we compute numerically the maxima, when they occur and total areas of Fisher information.
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Fisher information data
with parameter β with parameter ω0
Smaxf t
max Sareaf S
max
f t
max Sareaf
Hermitian qubit 0.6113 0.1714 0.1146 0.3426 0.1713 0.0642
PT -qubit 0.6128 0.3248 0.2192 1.2219 0.3244 0.4366
Anti-PT -qubit 0.6189 0.7242 0.5058 5.8874 0.7210 4.8039
Table 1: Comparison of the Fisher information data with respect to inverse temperature β and the
combined qubit parameter ω0 for anti-PT -symmetric, PT -symmetric and Hermitian Hamiltonians,
with parameters J0 = wc = 1, µ = −0.5, β = δ = 0.5, ξ = 0.8, θ = 0.6 and α = 1.
From the Table, we can clearly see that the Fisher information maximum and total area for the anti-
PT -symmetric qubit are much larger compared with the other two qubits. In addition, the maxima
times do not seem to be much affected by the choice of parameters.
6 Spin Vector Representation
Considering that our investigation is of a two-level system, the dynamics is naturally best revealed
with the spin vector representation. Let us start by taking the reduced density matrices of our systems
with gK ∈ R,
ρDhS (t) =
1
2
(
1 + Sz Sx (t)− iSy (t)
Sx (t) + iSy (t) 1− Sz
)
(6.1)
=
1
2
(
1 + cos θ0 sin θ0e
−iφ(t)e−ω20γ(t)
sin θ0e
iφ(t)e−ω
2
0γ(t) 1− cos θ0
)
,
we can obtain the spin vector representation with decoherence as
~S (t) = (Sx (t) , Sy (t) , Sz (t)) (6.2)
= (sin θ0 cos [φ (t)]D (t) , sin θ0 sin [φ (t)]D (t) , cos θ0) ,
where the phase is given by
φ (t) = φ0 − 2ω0t+ ω0Ω˜ (t) , (6.3)
ω0 is the combined qubit parameter
ω0 =

√
α2 + δ2 + ξ2 (Hermitian)√
γ2 + δ2 − θ2 (PT -symmetric)√
α2 − δ2 − ξ2 (anti-PT -symmetric)
, (6.4)
and Ω˜ (t) is a time-dependent function in the phase
Ω˜ (t) =

Ω (t) (Hermitian)
−Ω (t) (PT -symmetric)
Ω2 (t)− Ω1 (t) (anti-PT -symmetric)
. (6.5)
The dynamics can now be graphically presented against the unit sphere in Figure 5, so that we can
compare the evolutions of the respective spin vector representation of reduced density matrices for
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the Hermitian, PT -symmetric and anti-PT -symmetric qubit systems. We take φ0 = 0 without losing
generality and draw the dynamics at different initial angles θ0, with respect to the Sz axis.
θ0=π8θ0= 2π8θ0= 7π16
θ0=π8θ0= 2π8θ0= 7π16
θ0=π8θ0= 2π8θ0= 7π16
Figure 5: Spin vector representation for the evolution of the Hermitian (top left), PT -symmetric (top
right) and anti-PT -symmetric (bottom) qubits at different initial θ0, with parameters J0 = wc = 1,
µ = −0.5, β = 0.5, δ = 0.217, ξ = 0.45, θ = 0.488 and α = 0.5.
The evolution starts furthest away from the center of the Bloch sphere, then spirals inwards. Initially,
all three cases start evolving clockwise, but the Hermitian and anti-PT -symmetric cases change to
anticlockwise evolution after a short time. This is visibly noticeable for the anti-PT -symmetric case,
but not so easy to see for the Hermitian case, because the speed at which the trajectory reaches the
center is much greater than the time it takes to change direction. However, we can take the derivative
of phase (6.3) with respect to time and obtain the spin angular velocity, which we plot for the three
types of qubits after normalization, on the left of Figure 6. From the figure, we can see that taking
the change of evolution direction clockwise as positive, so when the lines go into the negative region,
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the trajectories are evolving anticlockwise. What is also noticeable is that the angular speed for the
anti-PT -symmetric case seems to increase at a faster rate compared with the other two qubit cases.
Another feature to note from the spin representation is the distance of evolution trajectory from the
z-axis
d (t) =
√
S2x (t) + S
2
y (t) (6.6)
= sin θ0e
−ω20γ(t),
depicted by the center plot of Figure 6. The anti-PT -symmetric distance decreases at a substantially
slower rate compared to the other two qubit systems. This plays a large role in the spin linear velocity,
which is given by
VL (t) = d (t)
∂
∂t
φ (t) . (6.7)
Drawn against time for the three qubits in the right panel of Figure 6, we notice a similar property of
a more gradual decay, but for the linear velocity in the anti-PT -symmetric case.
1 2 3 4 5
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δϕδt
1 2 3 4 5
t
0.2
0.4
0.6
0.8
d(t)
1 2 3 4 5
t
-0.2
0.2
0.4
0.6
0.8
1.0
VL
APT
PT
H
Figure 6: Spin angular velocity (left), distance from the z-axis (center) and spin linear velocity (right)
for the Hermitian (H), PT -symmetric (PT) and anti-PT -symmetric (APT) qubits with parameters
J0 = wc = 1, µ = −0.5, β = 0.5, δ = 0.38, ξ = 0.8, θ = 0.6 and α = 0.9 and θ0 = 3pi8 .
7 Conclusions
We have studied the decoherence and entanglement (via von Neumann, Re´nyi and Fisher entropy)
properties of an anti-PT qubit comprising a two-level spin system. To this end, we utilized the time-
dependent Dyson map to transform our problem of computing the reduced density matrix from a non-
Hermitian to a more feasible Hermitian one. We found superior decoherence properties as compared
to the PT -symmetric and Hermitian qubits. We also found a slower growth for the entanglement
entropy and much higher Fisher information for the anti-PT qubit. These findings suggest the utility
of anti-PT qubits for quantum information processing and storage. It would be desirable to have a
possible experimental realization (e.g. in optical waveguides [14] and microcavity systems [27]) of the
anti-PT-symmetric qubit to observe the predicted superior properties.
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